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Abstract
Let M and N be semialgebraic G spaces. When G is a compact Lie group, we find a one to one
correspondence between the set of semialgebraic G homotopy classes of semialgebraic G maps from
M to N , with the set of topological G homotopy classes of continuous G maps from M to N . We also
deal with the equivariant semialgebraic version of a theorem of J.H.C. Whitehead.  2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction
In this paper we discuss topological properties of semialgebraic spaces with semialge-
braic actions of compact Lie groups. Semialgebraic category is less rigid than algebraic
category, and in some sense similar to PL category in topology. In particular we study
equivariant semialgebraic homotopy theory to get some results similar to those in (topo-
logical) homotopy theory.
Throughout this paper let G denote a compact Lie group. We know that every compact
Lie group has an (semi) algebraic structure (cf. [9]). A semialgebraic G space means a G
invariant semialgebraic set in some real representation space of G. A semialgebraic G map
is a continuous G map which is semialgebraic when we forget the group action. Note that
the orbit space and the orbit map of a semialgebraic G space are also semialgebraic [11].
We will review the properties of semialgebraic G spaces and maps in Section 2.
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The purpose of this paper is to compare the set of semialgebraic G homotopy classes
of semialgebraic G maps with the set of topological G homotopy classes of continuous
G maps between given two semialgebraic G spaces. We use the following notation. Let
(M,A) be a pair of a semialgebraic G space M and a semialgebraic G subspace A of M ,
and let (N,B) be an another such pair. We fix a closed semialgebraic G subspace C of M
and a semialgebraic G map h : (C,A∩C)→ (N,B).
Let [(M,A), (N,B)]G,hsem (respectively [(M,A), (N,B)]G,htop ) denote the set of semialge-
braic (respectively topological) G homotopy classes of semialgebraic (respectively contin-
uous) G maps from (M,A) to (N,B) which extend h. We have the canonical map
µ :
[
(M,A), (N,B)
]G,h
sem
→ [(M,A), (N,B)]G,htop
which sends the semialgebraicG homotopy class [f ]sem of a semialgebraicGmap f to the
topological G homotopy class [f ]top of f . The main result of this paper is the following
comparison theorem.
Theorem 1.1. Let G be a compact Lie group and, let (M,A) and (N,B) be pairs
of semialgebraic G spaces. Let A and C be closed semialgebraic G subspaces of
M and h : (C,C ∩ A) → (N,B) a semialgebraic G map. Then the canonical map
µ : [(M,A), (N,B)]G,hsem → [(M,A), (N,B)]G,htop is bijective.
In particular this theorem says that any topological G homotopy class of a continuous
G map between two semialgebraic G spaces can be represented by a semialgebraic G
map. Delfs and Knebusch [4] proved Theorem 1.1 in the nonequivariant case. We prove
Theorem 1.1 by the similar method to the nonequivariant case of [4]. We show Theorem 1.1
in Section 5 (Theorem 5.4). To prove the theorem we need the following two theorems.
Theorem 1.2. Let G be a compact Lie group. Let A be a closed semialgebraicG subspace
of a semialgebraic G space M . Then there exists a G invariant semialgebraic open
neighborhood U of A in M such that A is a semialgebraic G strong deformation retract
of U and the closure U of U in M .
Theorem 1.3. Let G be a compact Lie group. If M is a semialgebraic G space and A is
a closed semialgebraic G subspace of M , then (A× I) ∪ (M × {0}) is a semialgebraic
G strong deformation retract of M × I . In particular, (M,A) has the semialgebraic G
homotopy extension property.
These two theorems are proved in [3] for the nonequivariant case. On the other
hand, the authors prove in [10,11] that if (M,A) is a pair of semialgebraic G spaces
then (M,A) has a semialgebraic finite (open) G CW-complex structure such that the
orbit space (M/G,A/G) has a compatible finite (open) simplicial complex structure
(Proposition 3.2). This (open)G CW-complex differs from the usualG CW-complex in the
sense that some open G-cells are missing in our G CW-complex. The reason why we take
such G CW-complexes is because we need the stability under the finite union of sets and
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under the attachment of maps in semialgebraic category. We discuss the semialgebraic G
CW-complex structures of semialgebraic G spaces in Section 3. Using this semialgebraic
G CW-complex structure and applying the nonequivariant result (Proposition 3.5 in [3])
to the orbit space we show Theorem 1.2 in Section 3 (Theorem 3.8). Indeed, the set U
is the star neighborhood of A in the second barycentric subdivision of a semialgebraic G
CW-complex structure of (M,A).
Theorem 1.3 is proved in Section 4 from Theorem 1.2 and the equivariant semialgebraic
Urysohn’s lemma of semialgebraic spaces (Proposition 2.10).
As an application of Theorem 1.1 we consider the equivariant semialgebraic version of
a Whitehead theorem [14]. Notice that if X and Y (⊂X) are semialgebraic spaces then
πn(X,Y )=
[
(∆n, ∂∆n), (X,Y )
]
top =
[
(∆n, ∂∆n), (X,Y )
]
sem
by Theorem 1.1. For a G space M let Isot(M) denote the set of all closed isotropy groups
of M . We have the following theorem.
Theorem 1.4. Let G be a compact Lie group. Let M and N be semialgebraic G spaces,
and let A and B be their closed semialgebraicG subspaces, respectively. Let ϕ : (M,A)→
(N,B) be a semialgebraicGmap. For eachH ∈ Isot(M)∪Isot(N), assume thatMH ,AH ,
NH and BH are nonempty and the induced maps
ϕ∗ :πn
(
MH
)→ πn(NH ) and ϕ∗ :πn(AH )→ πn(BH )
are bijective for 1 nmax{dim co(M ′/G),dim co(N ′/G)}. Then ϕ : (M,A)→ (N,B)
is a semialgebraic G homotopy equivalence.
In the equivariant topological case, Matumoto [8] proved Theorem 1.4 when M , N are
complete G CW-complexes. Recall that the orbit space M/G of semialgebraic G space M
has a finite open simplicial complex structure. The co(M ′/G)= co((M/G)′) is the unique
maximum compact subcomplex of the barycentric subdivision (M/G)′ of M/G. Then
co(M ′/G) is a finite complete simplicial complex and thus co(M ′) = π−1(co(M ′/G))
is a finite complete G CW-complex where π is the orbit map. Furthermore, there is
a semialgebraic G strong deformation retraction from M to co(M ′) by Theorem 1.2.
Theorem 1.4 proved in Section 6 from the above remark together with the application
of the equivariant topological results in [8] to co(M ′).
2. Preliminaries on semialgebraic G spaces
In this section we discuss basic concepts of semialgebraic G spaces and semialgebraic
Gmaps. For more properties in semialgebraic category we refer the reader to [6,4,1,10,11].
We know that every compact Lie group has a unique algebraic group structure (cf. [9,
p. 247]), and thus it has a semialgebraic group structure. We begin with the definition of
semialgebraic G spaces.
Definition 2.1. Let G be a compact Lie group. A semialgebraic G space M is a G
invariant semialgebraic set in some real representation space Ω of G. (Since every linear
156 D.H. Park, D.Y. Suh / Topology and its Applications 115 (2001) 153–174
representation of a compact Lie group is equivalent to an orthogonal one we may assume
that Ω is an orthogonal representation space of G.) A semialgebraic G subspace of some
semialgebraic G space M is a G invariant semialgebraic subset of M .
For example, finite (open) simplicial G complexes are semialgebraicG spaces. It is easy
to see that finite unions and finite intersections of semialgebraicG spaces are semialgebraic
G spaces and that the complement of a semialgebraic G space is a semialgebraic G
space. Furthermore, the closure, and hence the interior, of a semialgebraic G space are
semialgebraicG spaces. In particular, the Cartesian product of two semialgebraicG spaces
is a semialgebraic G space with the diagonal G action.
Definition 2.2. Let M and N be semialgebraic G spaces. A map f :M→N is said to be
a semialgebraic G map if it is a continuous G map and is a semialgebraic map between
ordinary semialgebraic sets M and N , i.e., its graph is a semialgebraic subset in M ×N .
For example, PL (piecewise linear) G maps between finite (open) simplicial G com-
plexes are semialgebraic G maps, and polynomial and rational G maps are semialgebraic
G maps. Here a rational map means a quotient of polynomials having nowhere vanishing
denominator. It is easy to show that the composition of two semialgebraicG maps and also
the inverse of a semialgebraic G homeomorphism are semialgebraic G maps, see [10,11].
The graph of a semialgebraicG map between semialgebraicG spaces is a semialgebraic
G space. Moreover, the image and the preimage of a semialgebraic G space by a
semialgebraic G map are semialgebraic G spaces. If f :A → B and g :A → C are
two semialgebraic G maps, then the map (f, g) :A → B × C defined by (f, g)(a) =
(f (a), g(a)) is semialgebraic G map. Moreover if f :A1 → B1 and g :A2 → B2 are
semialgebraic G maps, then the map f × g :A1 × A2 → B1 × B2 defined by (f ×
g)(a, b)= (f (a), g(b)) is a semialgebraic G map.
Example 2.3.
(1) Since any compact Lie group has a real algebraic variety structure we can define
an algebraic action of G on a real algebraic variety V as a G action whose
action map θ :G× V → V is a regular (i.e., polynomial) map between algebraic G
varieties. In this case we also say that V is an algebraic G variety. It follows from
the equivariant algebraic embedding theorem for algebraic G variety in a finite-
dimensional orthogonal representation space Ω (see [12,5]) that an algebraic G
variety is a closed semialgebraic G space in Ω .
(2) Every affine Cr Nash G manifolds is a semialgebraic G space. An affine Cr Nash G
manifold means a G invariant submanifold of some real representation space of G
which is semialgebraic and of class Cr .
Let G be a compact Lie group and Ω an orthogonal representation space of G. By the
theorem of Hilbert and Hurwitz [13, Chapter 8], the graded algebra R[Ω]G of G invariant
polynomials on Ω is finitely generated, and take its generators to be p1, . . . , pd . Let
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p = (p1, . . . , pd) :Ω →Rd , and let I be the ideal of relations of the pi ’s in R[y1, . . . , yd ].
Let Z be the corresponding algebraic variety in Rd . Then the image p(Ω) of p is a
semialgebraic subset of Z. Let p¯ :Rn/G→ p(Ω) denote the map induced by p. Then the
map p and p¯ are proper, hence p(Ω) is closed in Z ⊂Rd , and the map p¯ :Ω/G→ p(Ω)
is a homeomorphism, see [12, p. 136]. Thus we have
Proposition 2.4. Let G be a compact Lie group and let M be a semialgebraic G space in
Ω . Then there exists a G invariant polynomial map f :M→Rd for some d such that the
induced map f¯ :M/G→ f (M) is a homeomorphism. Moreover if M is a closed subset of
Ω , then f (M) is a closed semialgebraic set in Rd .
Remark 2.5.
(a) By the above proposition, the orbit space M/G of a semialgebraic G space has
a semialgebraic structure. For convenience, we identify the orbit space M/G by
f (M) and the orbit map π :M →M/G by the polynomial map f . Therefore the
orbit space and the orbit map of a semialgebraic G space are semialgebraic.
(b) If H is a closed subgroup of a compact Lie group G, then G/H has a semialgebraic
G space structure. Indeed, we can view G as an algebraic group because any
compact Lie group has an algebraic group structure. In this case we also view H as
an algebraic subgroup of G. Since H acts algebraically on G with the right action,
the orbit space G/H has a semialgebraic space structure by the above proposition.
It is easy to check that the action map θ :G×G/H →G/H ((g, kH) → gkH) is
semialgebraic.
Now we discuss the equivariant semialgebraic separation properties and the partition of
unity of semialgebraic G spaces. The following basic properties of semialgebraic G spaces
are proved in [3] for the nonequivariant case. The equivariant generalizations are easy and
we leave some of the proofs to the reader.
Lemma 2.6. Let A be a closed semialgebraic G subspace of a semialgebraic G space M .
Then there exists a semialgebraic G invariant map f :M→[0,1] such that f−1(0)=A.
Proof. By Proposition 2.4, the orbit space M/G= π(M) is a semialgebraic subset in Rd
for some d . Then π(A) is a closed semialgebraic subset of π(M) since the orbit map π is
closed. By the nonequivariant result of [3], there is a semialgebraic map g :π(M)→[0,1]
such that g−1(0)= π(A). Put f = g ◦ π :M→ R. Then this map is a desired G invariant
map. ✷
This lemma implies the following equivariant semialgebraic normality of semialgebraic
G spaces.
Proposition 2.7. Let M be a semialgebraic G space, and let A, B be disjoint closed
semialgebraicG subspaces of M . Then there exist disjointG invariant open semialgebraic
neighborhoodsU of A and V of B .
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From this proposition we can prove that there exists a finite refinement for given a finite
open semialgebraic covering of a semialgebraic G space.
Lemma 2.8. Let {U1,U2, . . . ,Un} be a finite G invariant open semialgebraic covering of
a semialgebraic G space M . Then there exist G invariant open semialgebraic subsets Vi
of Ui (1 i  n) such that V i ⊂ Ui and M = V1 ∪ V2 ∪ · · · ∪ Vn where V i is the closure
of Vi in M .
From this lemma we have the following equivariant semialgebraic version of the
partition of unity.
Proposition 2.9. Let {Ui | i ∈ J } be a finite covering of a semialgebraic G space M by G
invariant open semialgebraic subsets. Then there exists a family{
fi :M→[0,1] | i ∈ J
}
of G invariant semialgebraic maps such that
(1) the G invariant semialgebraic set supp(fi) = {x ∈M | fi(x) = 0} ⊂ Ui for all
i ∈ J .
(2) ∑i∈J fi(x)= 1 for all x ∈M .
This proposition implies the following equivariant semialgebraic Urysohn’s lemma of
semialgebraic spaces.
Proposition 2.10. Let M be a semialgebraic G space, and let A and B be disjoint
closed semialgebraic G subspaces of M . Then there exists G invariant semialgebraic map
f :M→[0,1] such that f−1(0)=A, f−1(1)= B .
3. Equivariant semialgebraic retraction
In this section we construct a semialgebraic G retraction from some G invariant
open neighborhood of A to A for a given closed semialgebraic G subspace A of some
semialgebraic G space. This retraction will be used throughout this paper.
We first consider the G CW-complex structures of semialgebraic G spaces. See [8,7,10,
11] for general terminology and theory of G CW-complex structure.
An open simplex int(∆n) is the interior of ∆n for n-simplex ∆n. When v is a 0-simplex,
we let int(v)= v. A finite open simplicial complex (X, (σi | i ∈ I)) is defined as a subset
X of some Rn equipped with a finite partition (σi | i ∈ I) into open simplices σi , such
that the intersection σ¯i ∩ σ¯j of the closures any two simplices in Rn is either empty or a
common face of σ¯i and σ¯j . Thus a finite open simplicial complex (X, (σi)) is obtained
from some finite, hence compact, simplicial complex L by omitting some open simplices
int(∆n) of L. In other words, a finite open simplicial complex is the finite union of some
open simplices int(∆n) of some finite simplicial complex L. Thus the closure X in Rn is
a compact polyhedron. Throughout this paper a simplicial complex means the underlying
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space of a finite open simplicial complex in Rn. Our notion of simplicial complex differs
slightly from the usual one. Usual simplicial complexes are called ‘complete’ simplicial
complexes here. From now on we will denote (X, (σi | i ∈ I)) by X and the set {σi | i ∈ I }
of open simplices of X by
∑
(X). If e0, . . . , en are points in general position in Rn, then
〈e0, . . . , en〉 denotes the closed simplex and (e0, . . . , en) denotes the open simplex with
vertices e0, . . . , en.
LetA be a subset of a finite simplicial complexX. The star of A in X denoted by StX(A)
is the union of all open simplices σ of X such that σ¯ ∩A = ∅. Clearly StX(A) is an open
neighborhood of A. The barycenter of an open simplex σ is denoted by σˆ .
We first recall the definition of G CW-complex. A G CW-complex is the G-equivariant
version of an ordinary CW-complex.
Definition 3.1. Let G be a topological group. A G CW-complex is a pair (X, {Gσ }) of a
Hausdorff G space X and a family of open G cells Gσ which satisfies
(a) the orbit space X/G is a Hausdorff space,
(b) each G n-cell Gσ has the characteristic G map fσ :G/Hσ ×∆n →Gσ ⊂ X such
that fσ | :G/Hσ × int(∆n)→Gσ is a G homeomorphism and the boundary ∂Gσ is
equal to fσ (∂∆n)⊂Xn−1,
(c) (G-closure finiteness) the closure Gσ of each G cell Gσ contains only finitely many
G cells,
(d) (G-weak topology) X has the weak topology with respect to the closed covering
{Gσ } of X, i.e., U ⊂X is open if and only if U ∩Gσ is open in Gσ for all Gσ .
The n-skeleton Xn is the union of all G r-cells with r  n, and thus Xn is obtained from
Xn−1 by adjoining closed G n-cells Gσ¯ .
We say that a G CW-complex X is straight if for each closed G cell Gσ¯ of X there
exists a characteristic G map fσ :G/Hσ ×∆n →Gσ¯ such that fσ ({eHσ }×∆n) is a cross
section set in X (i.e., fσ :π(Gσ¯)=∆n = {eHσ }×∆n→Gσ¯ such that π ◦ fσ = idπ(Gσ¯)).
For a G CW-complex X an equivariant subdivision X′ of X induces a subdivision X′/G
of X/G. Conversely if X is a straight-complex then any subdivision (X/G)′ of the orbit
space X/G induces an equivariant subdivision X′ of X with X′/G= (X/G)′. In this case
the nth barycentric subdivision of X is the induced subdivision of X by the nth barycentric
subdivision of X/G.
A finite open G CW-complex is defined to be a G invariant subspace of some finite (i.e.,
compact) G CW-complex X by removing some open G-cells of X. Throughout this paper
a finite G CW-complex is a finite open G CW-complex. Classical G CW-complexes are
called here ‘complete’ G CW-complexes.
In [10,11] we show that any semialgebraic G space has a semialgebraic finite G
CW-complex structure as in the following proposition. Recall that G/H has a natural
semialgebraic structure for a closed subgroup H of a compact Lie group G.
Proposition 3.2 [11]. Let G be a compact Lie group. Let M be a semialgebraic G space
in Ω and C a closed semialgebraic G subspace of M . Then there exist a finite (compact)
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‘complete’ straight G CW-complex X and a finite ‘complete’ G CW-subcomplex A of X
such that
(1) the underlying space X is a semialgebraic G spaces in some orthogonal represen-
tation space Ξ of G and A a semialgebraic G subspace of X,
(2) X/G is a finite complete simplicial complex which is compatible with the orbit types
and C. Moreover the orbit map πX is a semialgebraic cellular map,
(3) each open G-cell Gσ of X is a semialgebraic G space and thus its closure Gσ is a
semialgebraic G space,
(4) each characteristic G map fσ :G/Hσ × ∆n → Gσ is semialgebraic whose
restriction to G/Hσ×(∆n−∆n−1) is a semialgebraic homeomorphism to its image,
and
(5) we can choose a finite (open)G CW-complex (Y,B) by removing some open G-cells
of X which is semialgebraic G homeomorphic to (M,C).
Note that there exist a semialgebraic G homeomorphism ϕ : (Y,B) → (M,C) and a
semialgebraic homeomorphism ϕ∗ : (Y/G,B/G) → (M/G,C/G) such that πM ◦ ϕ =
ϕ∗ ◦ πY where πM :M →M/G and πY :Y → Y/G are the (semialgebraic) orbit maps.
In general (X,A) is not homeomorphic to (M,C), but if M is compact then we can choose
(X,A) to be (semialgebraically) homeomorphic to (M,C).
Remark 3.3. In the same situation as Proposition 3.2, we know the following (see [10,
11]).
(1) All open G cells of X are obtained by Gσ = π−1X (int(∆)) and Gσ = π−1X (∆) for
simplices ∆ of X/G.
(2) For each simplex ∆n = 〈v0, . . . , vn〉 of X/G, there is a semialgebraic section
s∆n :∆
n → π−1X (∆n)⊂X
such that any point of s∆n(∆k −∆k−1) has a constant isotropy subgroup Hk where
∆k = 〈v0, . . . , vk〉 for 0 k  n. Moreover the vertices vi can be ordered in such a
way that we have Hn ⊂ · · · ⊂H0.
(3) For each semialgebraic section s∆ in (2), let s∆| be the restriction of s∆ into int(∆).
Then s∆| is also a semialgebraic section on int(∆) such that its image has a constant
isotropy subgroup H∆. In particular, for each open G cell Gσ , the characteristic G
map fσ :G/H∆ ×∆→Gσ = π−1X (∆) is defined by fσ (gH∆,x)= gs∆(x). From
this the cell σ is the image of s∆| (i.e., σ = s∆(int(∆))) with a constant isotropy
group Hσ =H∆ and the closure σ¯ is the image of s∆ (i.e., σ¯ = s∆(∆)). Thus σ, σ¯
are semialgebraic and Gσ =Gσ¯ .
(4) By the above property, each open G-cell Gσ is the disjoint union of cells {gσ |
gHσ ∈G/Hσ }. This family {gσ } satisfies the followings:
(a) If g is not contained in Hσ then gσ is disjoint from σ .
(b) If gx = x for some x ∈ σ then gy = y for all y ∈ σ¯ .
(c) If gσ ∩ σ = ∅ then gσ = σ .
(d) The cell gσ has a constant isotropy group gHσg−1.
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Now we consider equivariant semialgebraic retractions. The equivariant semialgebraic
terminologies are defined similarly to the nonequivariant topological case.
Definition 3.4. Let M , N be semialgebraic G spaces.
(a) Let f, g :M→N be semialgebraic G maps. A semialgebraic G homotopy from f
to g is a semialgebraic G map H :M × I →N such that H0 = f, H1 = g with the
trivial G action on I .
(b) A semialgebraic G subspace A of M is a semialgebraic G retract of M if there
exists a semialgebraic G map r :M → A such that r|A = idA. This map r is called
a semialgebraic G retraction from M to A.
(c) A semialgebraicG subspaceA of M is called a semialgebraicG strong deformation
retract of M if there exists a semialgebraic G homotopy H :M × I →M such that
H0 = idM , H1 is a retraction from M to A and H(a, t)= a for all (a, t) ∈ A× I .
This homotopy H is called a semialgebraic G strong deformation retraction from
M to A.
In [3] Delfs and Knebusch proved the following proposition.
Proposition 3.5 [3]. Let X be a finite simplicial complex and A a closed subcomplex of
X. Let X′ denote the first barycentric subdivision of X. Then there exists a semialgebraic
retraction r from the star StX′(A) of A in X′ to A with the following properties:
(1) For every point x in StX′(A) the open line segment (x, r(x)) and x are contained in
the same open simplex σ ⊂ StX′(A) of X′ as x .
(2) r(σ )⊂ σ¯ ∩A for every open simplex σ ⊂ StX′(A) of X′.
(3) For every x ∈ σ ∈∑(X′) and t ∈ R with (1 − t)x + tr(x) ∈ σ¯ ∩ StX′(A) we have
r((1− t)x + tr(x))= r(x).
(4) Let σ = (σˆ0, . . . , σˆn) be the open simplex of X′ contained in StX′(A) with σ¯0 ⊂ σ¯1 ⊂
· · · ⊂ σ¯n. Then r(σ ) = (σˆ0, . . . , σˆt ), where t = max{s | (σˆ0, . . . , σˆs ) ⊂ A, 0  s 
n}.
(5) The restriction r| of r to StX′′(A) (respectively StX′′(A)) are also semialgebraic
retraction from StX′′(A) (respectively StX′′(A)) to A, where StX′′(A) is the star
neighborhood of A in the second barycentric subdivision X′′ of X.
Remark 3.6. Let rX,A denote the above retraction StX′(A)→A. The retraction rX,A is the
well-known canonical simplicial retraction if X is a finite (compact) ‘complete’ simplicial
complex. But, if X is not compact, then the retraction map is not the canonical retraction.
In fact, we can find an example rX,A which is not the restriction of rX,A to X.
We are now ready to construct a semialgebraic neighborhood G retraction.
Theorem 3.7. Let G be a compact Lie group. Let A be a closed semialgebraicG subspace
of a semialgebraic G space M . Then there exists a G invariant semialgebraic open neigh-
borhood V of A in M such that A is a semialgebraic G strong deformation retract of V .
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Proof. By Proposition 3.2 we may assume that M is a semialgebraic straight finite
G CW-complex and A is a closed G CW-subcomplex of M such that the orbit space
(M/G,A/G) is a finite simplicial complex and the orbit map π : (M,A)→ (M/G,A/G)
is a semialgebraic cellular map. We briefly denote (M/G,A/G) by (X,B). We know
that the barycentric subdivision X′ of X induces the barycentric subdivision M ′ of M .
Let V ∗ = StX′(B) and V = StM ′(A), clearly V = π−1(V ∗). Put M−1 = A and for n 0,
Mn = A ∪Mn, and Vn =Mn ∩ V where Mn is the n-skeleton of M . Similarly we set
X−1 = B , Xn = B ∪Xn for n 0, and V ∗n =Xn ∩ V ∗.
Let Cn be the set of G n-cells Gσ of M such that Gσ¯ ∩A = ∅ and Gσ ∩A= ∅. Then
it is clear that Cn is a finite set. Notice that the above G n-cells are not G n-cell of M ′.
Using induction on n, we shall construct semialgebraic G-strong deformation retraction
Hn :Vn × I → Vn ⊂ V from Vn to A. Note that V−1 = V0 = A. Next we define a
semialgebraicG-strong deformation retractionH 1 :V1×I → V1 from V1 to A. For eachG
1-cell Gσ ∈ C1, there is a 1-simplex σ ∗ of X and a semialgebraic section sσ : σ¯ ∗ → σ¯ such
that π ◦ sσ = idσ¯ ∗ . Proposition 3.5 implies that there is a semialgebraic strong deformation
retraction from σ¯ ∗ ∩V ∗ to a point σ¯ ∗ ∩B . Using the section sσ we obtain a semialgebraic
strong deformation retraction F from σ¯ ∩V to the point σ¯ ∩A. For each points of Gσ¯ ∩V
we define H 1Gσ on Gσ¯ ∩ V by H 1Gσ (gx, t) = gF(x, t) for all g ∈G, x ∈ σ¯ ∩ V . This is
a well-defined semialgebraic G homotopy by the properties of G CW-complex. In this
way the semialgebraic G-strong deformation retraction H 1 :V1 × I → V1 is extended
throughout A∪ (Gσ¯ ∩ V ) for each G 1-cell Gσ ∈ C1.
Now we assume that there is a semialgebraic G-strong deformation retraction Hn−1:
Vn−1 × I → Vn−1 from Vn−1 to A. For each G n-cell Gσ ∈ Cn, there is a n-simplex
σ ∗ of X and a semialgebraic section sσ : σ¯ ∗ → σ¯ . Proposition 3.5 implies that there is a
semialgebraic strong deformation retraction H ∗ from σ¯ ∗ ∩ V ∗ to ∂σ¯ ∗ ∩ V ∗ = σ¯ ∩ V ∗n−1.
Using the semialgebraic section sσ we obtain a semialgebraic strong deformation retraction
F = sσ ◦H ∗ ◦ (π× id) from σ¯ ∩V to σ¯ ∩Vn−1 = ∂σ ∩V . Then we obtain a semialgebraic
strong deformation retraction F˜ = F ∗Hn−1 from σ¯ ∩V to A where F˜ (x, t)= F(x,2t) if
0 t  12 , and F˜ (x, t)=Hn−1(F (x,1),2t−1) if 12  t  1. For each point of Gσ¯ ∩V we
define HnGσ on Gσ¯ ∩V by HnGσ (gx, t)= gF˜ (x, t) for all g ∈G, x ∈ σ¯ ∩V . This is a well-
defined semialgebraic G homotopy. In this way the semialgebraic G-strong deformation
retraction Hn :Vn × I → Vn is extended throughout A ∪ (Gσ¯ ∩ V ) for each G n-cell
Gσ ∈ Cn. The induction has only finitely many steps because Cn is finite, and hence the
proof is complete. ✷
Let U∗ = StX′′(B) be the star neighborhood of B in the second barycentric subdivision
X′′ of X. Then U∗ ⊂ StX′(B) and the segment H ∗(x, t) ⊂ U∗ (respectively U∗) for
all x ∈ U∗ (respectively U∗) and t ∈ I where U∗ is the closure of U∗ in X. Put U =
StM ′′(A)= π−1(U∗) then U ⊂ V and the restriction of H to U × I (respectively U × I )
is a semialgebraic G strong deformation retraction from U (respectively U ) to A. Thus we
have the following theorem.
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Theorem 3.8 (Theorem 1.2). Let G be a compact Lie group. Let A be a closed
semialgebraic G subspace of a semialgebraic G space M . Then there exists a G invariant
semialgebraic open neighborhood U of A in M such that A is a semialgebraic G strong
deformation retract of both U and the closure U of U in M .
Remark 3.9. With the same notations as in the proof of Theorem 3.7 we have the
following properties.
(1) The map r =H(·,1) :V →A is a semialgebraic G retraction.
(2) For every point x ∈ gsσ (σ )⊂ V the path H(x, t) (t ∈ [0,1]) contained in the same
cell gsσ (σ ).
4. Semialgebraic G homotopy extension property
In this section we discuss the equivariant semialgebraic extension problem of semialge-
braic G maps and G homotopies.
We know that A is a retract of M if and only if extension problem for any space N and
any map f :A→ N can be solved. Furthermore if A is a strong deformation retract of M
then such extension is unique up to homotopy class. Similar statements also hold in the
equivariant semialgebraic category.
Proposition 4.1. Let G be a compact Lie group. Let M be a semialgebraic G space and
A a semialgebraic G subspace of M . Then we have the following.
(1) If A is a semialgebraic G-retract of M , then for any semialgebraic G space N
and any semialgebraic G map f :A → N there exists a semialgebraic G map
f˜ :M→N such that f˜ |A = f .
(2) If A is a semialgebraic G-strong deformation retract of M then the above extension
is unique up to semialgebraic G homotopy class.
Proof. (1) Let r :M → A be a semialgebraic G-retraction. For given semialgebraic G
space N and semialgebraic G map f :A→ N , define f˜ = f ◦ r :M → N then f˜ is a
semialgebraic G extension of f .
(2) Let f˜1, f˜2 be such extensions of f and let H :M × I → M be a semialgebraic
G-strong deformation retraction from M to A. Define a homotopy F :M × I →N by
F(x, t)=
{
f˜1 ◦H(x,2t), 0 t  12 ,
f˜2 ◦H(x,2(1− t)), 12  t  1,
then F is a semialgebraic G homotopy. Clearly F0 = f˜1, F1 = f˜2 and Ft |A = f for all
t ∈ I . ✷
The converse statements of Proposition 4.1 also hold. By applying the above proposition
to Theorem 3.8, we obtain the following corollary.
Corollary 4.2. LetG be a compact Lie group. LetA be a closed semialgebraicG subspace
of a semialgebraic G space M , and let U be a G invariant neighborhood of A in M as
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in Theorem 3.8. Any semialgebraic G space N and any semialgebraic G map f :A→ N
extends to a semialgebraic G map f˜ :U → N . If f˜1 and f˜2 are two such extensions of f
to U , then there exists a semialgebraic G homotopy F :U × I →N with F0 = f˜1 , F1 = f˜2
and Ft |A = f for all t ∈ I .
The same is true for U instead of U .
Remark 4.3. In Proposition 6.1, we will find a sufficient condition for the existence of a
semialgebraic extension of a semialgebraic G map f :A→N to M .
Now we discuss the equivariant semialgebraic extensions of semialgebraic G homo-
topies. We start with some obvious definitions.
Definition 4.4. We say that a pair (M,A) of semialgebraicG spaces has the semialgebraic
G homotopy extension property if for any semialgebraic G map f :M → N and any
semialgebraic G homotopy F :A× I → N with F0 = f |A, there exists a semialgebraic
G homotopy H :M × I →N such that H0 = f and H |A×I = F .
We know the following: A pair (M,A) of topological spaces has the homotopy extension
property if and only if (A× I)∪ (M×{0}) is a retract of M × I . In this case A is closed in
M . Moreover any complete CW-complex pair (X,A) has the homotopy extension property.
We have the similar result in the equivariant semialgebraic category as follows.
Theorem 4.5 (Theorem 1.3). Let G be a compact Lie group. If M is a semialgebraic G
space and A is a closed semialgebraic G subspace of M , then (A × I) ∪ (M × {0}) is
a semialgebraic G strong deformation retract of M × I . In particular, (M,A) has the
semialgebraic G homotopy extension property.
Proof. Let U be a semialgebraic G-strong deformation retract neighborhood of A in M
and let H :U × I → U be a semialgebraic G strong deformation retraction from U to A
with semialgebraic G retraction r = H1 as in Theorem 3.8. By Proposition 2.10, we can
take a semialgebraic G invariant map λ :M → I with λ−1(0)=M − U and λ−1(1)= A.
Put
B = {(x, t) ∈ U × I | 12  λ(x) < 1, 2(1− λ(x)) t  1},
C = {(x, t) ∈ U × I | 12  λ(x) < 1, 0 t  2(1− λ(x))},
D = {(x, t) ∈ U × I | 0 λ(x) 12},
E = (M −U)× I.
Then B,C,D,E are G invariant semialgebraic subspace of M × I with M × I = (A×
I) ∪ B ∪ C ∪D ∪ E. The spaces D,E are closed in M × I and B  B ∪ (A× I), C 
C ∪ (A× {0}).
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Define ψ :C→ I by
ψ(x, t)= t
2(1− λ(x)) .
Then ψ is semialgebraic and G invariant. Now we define a semialgebraic G retraction
R :M × I → (A× I)∪ (M × {0}) by
R(x, t)=


(r(x), t − 2(1− λ(x))) if (x, t) ∈ (A× I) ∪B,
(H(x, ψ(x, t)), 0) if (x, t) ∈C,
(H(x, 2tλ(x)), 0) if (x, t) ∈D,
(x, 0) if (x, t) ∈E.
Notice that R is well-defined and continuous since this is another expression of ρ in the
proof of Theorem 5.1 of [3]. ClearlyR is a semialgebraicG map because all involved maps
in the above formula are semialgebraic G maps. Thus R is a semialgebraic G retraction
from M × I to (A× I)∪ (M × {0}). Since the path H(x, t) from x to r(x) is contained in
U for any x ∈U , we define a semialgebraic G map Φ : (M × I)× I →M × I by
Φ(x, t, s)=


(H(x, s), t − 2s(1− λ(x))) if (x, t) ∈ (A× I) ∪B,
(H(x, sψ(x, t)), t (1− s)) if (x, t) ∈C,
(H(x, 2stλ(x)), t (1− s)) if (x, t) ∈D,
(x, t (1− s)) if (x, t) ∈E.
This map Φ is the desired semialgebraic G strong deformation retraction from M × I to
(A× I)∪ (M × {0}) such that Φ0 = idM × I and Φ1 =R. ✷
Using Theorem 4.5, we can supplement Corollary 4.2 as follows.
Corollary 4.6. LetG be a compact Lie group. LetA be a closed semialgebraicG subspace
of a semialgebraic G space M , and let U be a G invariant neighborhood of A in M as
in Theorem 3.8. Let f,g :U → N be semialgebraic G maps and let F :A× I → N be a
semialgebraicG homotopy with F0 = f |A andF1 = g|A. Then there exists a semialgebraic
G homotopy F˜ :U × I →N such that F˜0 = f , F˜1 = g and F˜ |A×I = F .
Proof. By Theorem 4.5, there exists a semialgebraic G homotopy Φ :U × I → N such
that Φ|A×I = F and Φ0 = f . Put h = Φ1 then h|A = g|A. By Corollary 4.2 we can take
a semialgebraic G homotopy H :U × I → N such that H0 = h, H1 = g and Ht |A =
g|A = h|A for all t ∈ I . By composing Φ and H we get a semialgebraic G homotopy
Υ =Φ ∗H :U × I →N from f to g. Put B = (A× I) ∪ (U × {0})∪ (U × {1}), then B
is a closed G subspace of U × I .
Obviously, we can construct a semialgebraic G homotopy Ψ :B × I → N from Υ to
F ∪ f ∪ g. By Theorem 4.5, there is a semialgebraic G homotopy Ψ˜ : (U × I)× I → N
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such that Ψ˜ = Ψ ∪Υ on (B×I)∪((U×I)×{0}). Then Ψ˜0 = Ψ˜ |U×I×{0} = Υ . Let F˜ ≡ Ψ˜1
then F˜ :U × I → N is a semialgebraic G homotopy which extends Ψ1 = F ∪ f ∪ g, and
hence this is a desired semialgebraic G homotopy. ✷
The same is true for U instead of U .
5. Comparison theorem
In this section we compare the set of semialgebraicG homotopy classes of semialgebraic
G maps with the set of topological G homotopy classes of continuous G maps.
Definition 5.1. The core of a simplicial complex X is the subcomplex co(X) of X
consisting of all open simplices σ ∈∑(X) with σ¯ ⊂ X. In other words, co(X) is the
unique maximum complete subcomplex of X. Similarly, we define the core of a G
CW-complex M to be the G CW-subcomplex co(M) of M consisting of all open G-
cells Gσ of M with Gσ ⊂ M . Then co(M) is the unique maximum complete G CW-
subcomplex of M . If M is a semialgebraic G space with the G CW-complex structure as
in Proposition 3.2, then we have co(M) = π−1(co(M/G)) where π :M →M/G is the
orbit map.
Since StM ′(co(M ′))=M ′, there exists a semialgebraic G strong deformation retraction
H :M ′ × I →M ′ from M ′ =M to co(M ′) by the proof of Theorem 3.7. In particular the
semialgebraic G retraction rM ′ :M ′ → co(M ′) has a semialgebraic G homotopy inverse
which is the inclusion j : co(M ′)→ M ′. Moreover if A is a closed G CW-subcomplex
of M then the restriction rM ′ |A′ is a semialgebraic G retraction from A′ to co(A′) by
Remark 3.9.
Now we prove the following equivariant semialgebraic approximation theorem.
Lemma 5.2. Let G be a compact Lie group. Let M and N be semialgebraic G spaces. If
M is compact, then any continuous G map f :M→N is G homotopic to a semialgebraic
G map u :M→N .
Proof. Let N be a semialgebraic G space in an orthogonal representation spaces Ξ of
G. Let RN :N × I →N be the semialgebraic G-strong deformation retraction from N to
co(N ′) with rN = RN(·,1). Put K(x, t)= RM(f (x), t), then K is a G homotopy from f
to rN ◦ f .
We first construct a semialgebraic G map which is G homotopic to rN ◦ f . Since
co(N ′) is compact, there is a real number r > 0 and a compact semialgebraic subset
D = {x ∈ Ξ | ‖x‖  r} of Ξ such that int(D) ⊃ co(N ′). By Proposition 3.2, we assume
that (D, co(N ′)) is a pair of finite compact complete semialgebraic G CW-complexes.
Let V = StD′(co(N ′)) and let rV :V → co(N ′) be a semialgebraic G retraction from
V to co(N ′). By the Stone–Weierstrass theorem, there is a nonequivariant polynomial
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approximation p :M → Ξ of rN ◦ f in C0 topology. Then the averaging map q =
A(p) :M→Ξ defined by
A(p)(x)=
∫
G
g−1p(gx)dg
is a G equivariant polynomial approximation of rN ◦ f in C0 topology. We can take q
with q(M) ⊂ V if p is sufficiently close to rN ◦ f because V is an open subset of Ξ .
We may assume the line segment (1 − t)rN ◦ f (x)+ tq(x), 0  t  1, lies in V . Then
u= rV ◦ q :M→ co(N ′) is a semialgebraic G approximation of rN ◦ f in C0 topology.
Now we consider the map P :M × I → co(N ′) defined by P(x, t) = rV ((1 − t)rN ◦
f (x)+ tq(x)) is a G homotopy from rN ◦ f to u. Therefore, the composite K ∗ P is a
continuous G homotopy from f to u, and the lemma follows. ✷
Now we consider the set of semialgebraic G homotopy classes of semialgebraicG maps
between two semialgebraic G spaces which are not necessarily compact. Let (M,A) and
(N,B) be two pairs of semialgebraic G spaces. Let C be a semialgebraic G subspace of
M and let us fix a semialgebraic G map h :C→N be such that h(C ∩A)⊂ B . From now
on we only consider G maps from (M,A) to (N,B) which extend h.
We call any two such semialgebraic G extensions f,g : (M,A) → (N,B) of h are
semialgebraically G homotopic relative to C if there exists a semialgebraic G homotopy
H : (M × I,A × I) → (N,B) such that H0 = f , H1 = g and H(c, t) = h(c) for
(c, t) ∈ C × I . Let [(M,A), (N,B)]G,hsem (respectively [(M,A), (N,B)]G,htop ) denote the set
of relative semialgebraic (respectively topological) G homotopy classes of semialgebraic
(respectively continuous) G maps from (M,A) to (N,B) which extend h.
We have the canonical map µ : [(M,A), (N,B)]G,hsem → [(M,A), (N,B)]G,htop which
sends the semialgebraic G homotopy class [f ]sem of a semialgebraic G map f to the
topological G homotopy class [f ]top of f . First we consider the case when A= B = ∅.
Theorem 5.3. Let G be a compact Lie group. Let M and N be semialgebraic G spaces,
and let C be a closed semialgebraic G subspace of M . For given a semialgebraic G map
h :C→N the canonical map µ : [M,N]G,hsem →[M,N]G,htop is bijective.
Proof. (Surjectivity) (i) The case when M is compact. We may assume that (M,C) is
a pair of finite complete compact G CW-complexes because M is compact. We replace
(M,C) by its barycentric subdivision (M ′,C′).
Let f :M → N be a continuous G map with f |C = h. We can choose a closed
G invariant semialgebraic neighborhood D of C in M such that C is a semialgebraic G
strong deformation retract of D with a semialgebraic G retraction r by Theorem 3.8. Then
there exist a semialgebraic G map h1 = h ◦ r :D → N and a topological G homotopy
L :D × I → N from f |D to h1 such that L(c, t) = h(c) for (c, t) ∈ C × I . We extend
L to a topological G homotopy F :M × I → N with F0 = f , F |D×I = L. Put f1 = F1
and then f1|D = h1. By Proposition 2.7, there exists a closed G invariant semialgebraic
neighborhood E of C in M such that E ⊂ int(D). We may assume that (M,D,E,C)
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is a system of finite complete compact G CW-complexes and that N is a finite G CW-
complex that is replaced by its first barycentric subdivision. By Lemma 5.2, there exists a
semialgebraic G map u :M → co(N) and topological G homotopy H = K ∗ P from f1
to u = rV ◦ q for some equivariant polynomial q :M → Ξ . Here we are using the same
notations as in the proof of Lemma 5.2. But H may move points in C. By Theorem 2.10,
there is a G invariant semialgebraic map λ :M → [0,1] with λ−1(0) = C and λ−1(1) =
M− int(E). Define a topologicalG homotopy H˜ :M×I →N by H˜ (x, t)=H(x, tλ(x)).
Then H˜ (c, t)= f1(c)= h1(c)= h(c) for (c, t) ∈ C × I , H˜ (x,0)= f1(x) for x ∈M and
the map
g(x) = H˜ (x,1)
=


u(x) if x ∈M −E,
K(x,2λ(x)) if x ∈E, 0 λ(x) 12 ,
P(x, (2λ(x)− 1)) if x ∈E, 12  λ(x) 1
is a semialgebraic G map because K(x,2λ(x)) = RN(h1(x),2λ(x)) when x ∈ E ⊂ D,
0 λ(x) 12 and P(x, (2λ(x)−1))= rV ((1− (2λ(x)−1))rN ◦h1(x)+ (2λ(x)−1)q(x))
when x ∈ E ⊂D, 12  λ(x)  1. Therefore f is G homotopic to g by F ∗ H˜ . Hence the
map µ is surjective.
(ii) The general case. Assume that (M,C) is a system of finite (open)G CW-complexes
that is replaced by the its barycentric subdivision (M ′,C′). Let RM : (M,C)×I → (M,C)
be a semialgebraic G strong deformation retraction, and let rM = RM(·,1) : (M,C)→
(co(M), co(C)) be a semialgebraic G retraction. Let f :M → N be a given continuous
G map such that f |C = h. By the compact case, there exists a topological G homotopy
F : co(M)× I → N and a semialgebraic G map u : co(M)→ N such that F0 = f |co(M),
F1 = u and F(c, t)= h(c) for (c, t) ∈ co(C)× I . Put F˜ = F ◦ (rM × idI ) :M × I → N .
Then F˜ is a continuous G map F˜0 = f ◦ rM , F˜1 = u ◦ rM and F˜ (c, t) = h ◦ rM(c)
for (c, t) ∈ C × I . There exist an obvious continuous G homotopy Υ :M × I → N
from f to f ◦ rM defined by Υ (x, t) = f (RM(x, t)), and a semialgebraic G homotopy
K :C× I →N from h ◦ rM to h defined by K(x, t)= h(RM(x,1− t)). The homotopy K
extends to a semialgebraicG homotopy K˜ :M×I →N with K˜0 = u◦rM by Theorem 4.5.
Put g = K˜1. Then g is a semialgebraic G map such that g|C = h. By composing, we obtain
a continuous G homotopy H = Υ ∗ F˜ ∗ K˜ :M × I →N such that H0 = f , H1 = g, but it
may move the points in C. Notice that F˜ |C×I = h ◦ rM and that H |C×I is a semialgebraic
G homotopy from h to h, definitely hΥ h ◦ r F h ◦ r K h.
By the same argument as the usual homotopy theory, we can construct a semialgebraic
G homotopy Φ : (C × I) × I → N such that Φ(c, t,0) = H(c, t), Φ(c, t,1) = h(c) (=
f (c)= g(c)) and Φ = h(c) on (C× 0× I)∪ (C× 1× I). By the topologicalG homotopy
extension theorem (cf. [8, p. 369]), Φ can be extended to a topological G homotopy
Ψ :M × I × I → N with Ψ0 = H and Ψ = f ∪ g on (M × 0 × I) ∪ (M × 1 × I). Put
H˜ (x, t)= Ψ (x, t,1). Then H˜ :M × I → N is a G homotopy such that H˜0 = f , H˜1 = g
and H˜ (c, t) = Ψ (c, t,1) = Φ(c, t,1) = h(c) for (c, t) ∈ C × I . Therefore f and g are
semialgebraically G homotopic relative to C by H˜ . Hence the map µ is surjective.
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(Injectivity) Now we prove the injectivity. Let f , g :M → N be two semialgebraic G
map with f |C = g|C = h and let F :M × I → N be a topological G homotopy with
F0 = f , F1 = g and F(c, t) = h(c) for (c, t) ∈ C × I . Set C˜ = (C × I) ∪ (M × ∂I),
then C˜ is a closed semialgebraic G subset of M × I . We have a semialgebraic G map
H = F |C×I ∪ f ∪ g : (C × I) ∪ (M × {0}) ∪ (M × {1})→ N and thus F extends H .
By the surjectivity there exists a semialgebraic G map K :M × I → N with K is a
topologicallyG homotopic to F relative to C˜. Clearly K0 = f , K1 = g and K(c, t)= h(c)
for (c, t) ∈ C × I . Therefore f and g are semialgebraically G homotopic relative to C
by K . ✷
More generally, we have the following comparison theorem.
Theorem 5.4 (Theorem 1.1). Let G be a compact Lie group. Let (M,A) and (N,B)
be pairs of semialgebraic G spaces. If A and C are closed semialgebraic G subspaces
of M and h : (C,C ∩ A)→ (N,B) is a semialgebraic G map then the canonical map
µ : [(M,A), (N,B)]G,hsem →[(M,A), (N,B)]G,htop is bijective.
Proof. (Surjectivity) Let f : (M,A)→ (N,B) be a given continuous G map such that
f |C = h. By the surjectivity of Theorem 5.3, there exists a topological G homotopy
K :A× I →B such that K0 = f |A, K(c, t)= h(c) for c ∈A∩C, t ∈ I and that k =K1 is
a semialgebraicGmap. Then k|A∩C = h|A∩C . Put C˜ =A∪C and h˜= k∪h : C˜ =A∪C→
N , then h˜ is a semialgebraic G map. We define a topological G homotopy H : C˜× I →N
by
H(x, t)=
{
K(x, t) if (x, t) ∈A× I ,
h(x) if (x, t) ∈C × I .
This gives H0 = f |C˜ , H1 = h˜ and H(A× I)⊂ B . Since C˜ is a closed G subspace of M ,
there is a topological G homotopy F :M × I →N with F0 = f and F |C˜×I =H by same
method as in the proof of Theorem 4.5. Then F |C×I = h and F(A× I)=H(A× I)⊂ B .
Put f˜ = F1 : (M,A)→ (N,B), and so f˜ |C˜ = h˜.
By the surjectivity of Theorem 5.3, we have a topological G homotopy F˜ :M × I →N
such that F˜ |C˜×I = h˜, F˜0 = f˜ and F˜1 = g is a semialgebraic G map. Consider the
composite homotopy Φ = F ∗ F˜ :M × I → N , we have Φ0 = F0 = f , Φ1 = F˜1 = g
and Φ|C×I = F |C×I ∗ F˜ |C×I =HC×I ∗ h˜|C = h ∗ h= h. This proves that µ is surjective.
(Injectivity) Let f , g : (M,A)→ (N,B) be two semialgebraic G maps with f |C =
g|C = h, and let F : (M × I,A× I)→ (N,B) be a topological G homotopy with F0 = f ,
F1 = g and F(c, t) = h(c) for (c, t) ∈ C × I . Set C˜ = (C × I) ∪ (M × ∂I), then C˜ is a
closed semialgebraic G subspace of M × I . We have a semialgebraic G map
H = F |C×I ∪ f ∪ g : (C × I) ∪
(
M × {0})∪ (M × {1})→N
and thus F extends H . By the surjectivity there exists a semialgebraic G map K : (M ×
I,A× I)→ (N,B) with K is a topologically G homotopic to F relative to C˜. Clearly
K0 = f , K1 = g and K(c, t)= h(c) for (c, t) ∈C × I . ✷
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Remark 5.5. Let M , N be semialgebraic G spaces and A1, . . . ,Ak (respectively B1, . . . ,
Bk) be semialgebraic G subspaces of M (respectively N ). We fix a closed semialgebraic
G subspace C of M and a semialgebraic G map
h : (C,C ∩A1, . . . ,C ∩Ak)→ (N,B1, . . . ,Bk).
Let [(M,A1, . . . ,Ak), (N,B1, . . . ,Bk)]G,hsem (respectively [(M,A1, . . . ,Ak), (N,B1, . . . ,
Bk)]G,htop ) denote the set of semialgebraic (respectively topological) G homotopy classes of
semialgebraic (respectively continuous) G maps from n,(M,A1, . . . ,Ak) to (N,B1, . . . ,
Bk) which extend h. By a similar argument as in the above proof, we can prove that the
canonical map
µ :
[
(M,A1, . . . ,Ak), (N,B1, . . . ,Bk)
]G,h
sem
→[
(M,A1, . . . ,Ak), (N,B1, . . . ,Bk)
]G,h
top
is bijective when all Ai are closed semialgebraic G subspaces of M .
6. Equivariant semialgebraic version of a theorem of Whitehead
In this section we will find a condition for an extension of a semialgebraic G map
and study the equivariant semialgebraic version of a theorem of Whitehead [14]. In
[8] Matumoto studied the theorem for topological ‘complete’ G CW-complexes and
continuousG maps. Here we apply the results in the previous sections to extend the results
in [8] to the equivariant semialgebraic category.
Let X be a finite simplicial complex. The dimension of X, denoted by dimX, is the
largest dimension of open simplexes which are contained in X. Note that dim co(X) 
dimX and dimX = dimX′, and thus dim co(X′) dimX where X′ is the first barycentric
subdivision of X. Recall that if M is a semialgebraic G spaces then M has a straight
semialgebraic G CW-complex with the orbit space M/G is a finite simplicial complex. In
particular M ′/G= (M/G)′.
Notice that if X and Y (⊂X) are semialgebraic spaces then
πn(X,Y )=
[
(∆n, ∂∆n), (X,Y )
]
top =
[
(∆n, ∂∆n), (X,Y )
]
sem
by Theorem 5.4. For a G space M let Isot(M) denote the set of all closed isotropy groups
of M .
Propositions 6.1 and 6.2 are semialgebraic versions of the similar results for complete
G CW-complexes, which are Propositions 3.1 and 3.3 of [8], respectively. First we find
a sufficient condition for the existence of a semialgebraic extension of a semialgebraic G
map f :A→N to M .
Proposition 6.1. Let G be a compact Lie group. Let M and N be semialgebraic G
spaces and A a closed semialgebraic G subspace of M . Let n0 = dim co(M ′/G). Assume
πn(N
H )= 0 for n n0 and for all H ∈ Isot(N). Then any semialgebraic G map from A
to N can be extended to a semialgebraic G map from M to N .
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Proof. Let h :A → N be a given semialgebraic G map. We may assume that (M,A)
is a pair of finite G CW-complexes. Replace (M,A) by its first barycentric subdivision
(M ′,A′), and for convenience we still denote it by (M,A). Let H : (M × I,A × I)→
(M,A) be a semialgebraic G-strong deformation retraction with rM = H1 : (M,A) →
(co(M), co(A)) be a semialgebraic G retraction as described in Theorem 3.7. Then
(co(M), co(A)) is a pair of complete finite G CW-complexes. Applying Proposition 3.1
of [8] to (co(M), co(A)), we get a continuous G map k : co(M)→ N such that k|co(A) =
h|co(A). By Theorem 5.3, there is a semialgebraic G map g : co(M) → N which is
topologically G homotopic relative to co(A), i.e., g|co(A) = h|co(A). Put f = g ◦ rM :M→
N . Then this is a semialgebraic G map such that f |co(A) = h|co(A) and f |A = h ◦
rM |A.
We construct a semialgebraic G homotopy F :A× I →N by F(a, t)= h(H(x,1− t)).
Then F0 = f |A and F1 = h. By Theorem 4.5, there exists a semialgebraic G homotopy
F˜ :M × I →N such that F˜ |A×I = F and F˜0 = f . Put f˜ = F˜1, then f˜ is a semialgebraic
G map and f˜ |A = h. Therefore f˜ is a desired semialgebraic extension of h. ✷
Proposition 6.2. Let G be a compact Lie group. Let (M,A) and (N,B) be pairs of
semialgebraic G spaces. Suppose A is a closed subspace in M . Let n0 = dim co(M ′/G).
Assume that for each H ∈ Isot(M), BH = ∅ and πn(NH ,BH ) = 0 for n  n0. If
f : (M,A)→ (N,B) is a semialgebraic G map then there is a semialgebraic G map
g :M→ B which is semialgebraically G homotopic to f relative to A.
Proof. Let us use the same notation for H , rM , (co(M), co(A)) as in the proof of
Proposition 6.1. By applying Proposition 3.3 of [8] to (co(M), co(A)), there exists a
topological G homotopy K : co(M) × I → B relative to co(A) and a continuous G
map k : co(M) → B such that K0 = f |co(M), K1 = k. By Theorem 5.3, there exists a
topological G homotopy K˜ : co(M) × I → B relative to co(A) and a semialgebraic G
map u= K˜1 : co(M)→ B such that K˜0 = k and K˜(a, t)= f (a) for (a, t) ∈ co(A)× I . By
the same argument as in the proof of surjectivity in the general case of Theorem 5.3 with
h= f |A, C =A, we get a semialgebraic G map g :M → B which is semialgebraically G
homotopic to f relative to A. ✷
Remark 6.3. By applying Proposition 6.2 with (N,B)= (M,A) and f = idM , we get the
following property: Let M be a semialgebraic G space with n0 = dim co(M ′/G) and A a
closed semialgebraic G subspace of M . If AH = ∅ and πn(MH,AH) = 0 for all n  n0
and H ∈ Isot(M) then A is a semialgebraic G strong deformation retract of M .
Now we consider the generalization of a theorem of Whitehead [14] to the equivariant
semialgebraic category. First we need the following lemma. Matumoto proved the similar
result for topological complete G CW-complexes, see [8, Lemma 5.1].
Lemma 6.4. Let G be a compact Lie group. Let ϕ :M → N be a semialgebraic G map
between two semialgebraic G spaces M and N . Let X be a semialgebraic G space with
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n0 = dim co(X′/G) and A a closed semialgebraic G subspace of X. Assume that for each
H ∈ Isot(X), MH and NH are nonempty and the induced map ϕ∗ :πn(MH)→ πn(NH ) is
bijective for n < n0 and surjective for n= n0. Then for any semialgebraicG maps g :X→
N and h :A→M with g|A = ϕ ◦ h, there exists a semialgebraic G map f :X→M such
that f |A = h and ϕ ◦ f is semialgebraically G homotopic to g relative to A.
A
iA
h
M
f ϕ
X g N
Proof. Let co(X), co(A), rX and H be the same as those described in the proof of
Proposition 6.1. Applying Lemma 5.1 in [8] to the complete finite G CW-complex pair
(co(X), co(A)), we get a continuous G map k : co(X)→ M such that k|co(A) = h|co(A)
and a continuous G homotopy K : co(X)× I →N from ϕ ◦ k to g|co(X) relative to co(A).
By Theorem 5.3, we obtain a semialgebraic G map u : co(X)→M and a continuous G
homotopy K˜ form u to k relative to co(A).
The composite homotopy F = (ϕ ◦ K˜) ∗ K : co(X) × I → N satisfies F0 = ϕ ◦ u,
F1 = g|co(X) and F(a, t) = h(a) for (a, t) ∈ co(A) × I . By Theorem 5.3, we get a
semialgebraic G map F˜ : co(X) × I → N such that F˜ is G homotopic to F relative to
(co(A)× I)∪ (co(X)× ∂I).
Put u˜= u◦ rX :X→M where rX is the retraction from X to co(X). Then F˜ ◦ (rX× idI )
is a semialgebraic G homotopy from ϕ ◦ u˜ to g ◦ rX relative to (A,h ◦ rX). Define a
semialgebraic G homotopy Υ :A × I → M by Υ (a, t) = h(H(a,1 − t)). Then Υ0 =
h ◦ rX = u˜ and Υ1 = h. Since (X,A) has the semialgebraic G homotopy extension
property by Theorem 4.5, we have a semialgebraic G homotopy Υ˜ :X × I → M such
that Υ˜ |A×I = Υ and Υ˜0 = u˜.
Put f = Υ˜1 :X → M . Then it is a semialgebraic G map such that f |A = h and
thus ϕ ◦ f |A = ϕ ◦ h = g|A. Define a semialgebraic G homotopy H˜ :X × I → X by
H˜ (x, t)=H(x,1− t). By composing, we get a semialgebraic G homotopy
Φ = (ϕ ◦ Υ˜ ) ∗ (F˜ ◦ (rX × idI )) ∗ (g ◦ H˜ ) :X× I →N
such that Φ0 = ϕ ◦ f , Φ1 = g, but it may move the points in A. Note that (F˜ ◦ (rX ×
idI ))|A×I = g ◦ rX = ϕ ◦ h ◦ rX , and that Φ|A×I is a semialgebraic G homotopy from
ϕ ◦ h to g|A = ϕ ◦ h. Indeed, ϕ ◦ h ϕ ◦ h ◦ rX  g|A = ϕ ◦ h. By the same argument as
in the last paragraph of the proof of surjectivity of the general case of Theorem 5.3 with
replacing ϕ ◦ h, ϕ ◦ f , A and Φ to h, f , C and H , respectively, we have a semialgebraic
G homotopy Φ˜ from ϕ ◦ f to g relative to (A,ϕ ◦ h). ✷
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We now have the following theorem.
Theorem 6.5. Let G be a compact Lie group. Let M and N be semialgebraic G spaces
such that MH = ∅ and NH = ∅ for all closed subgroup H of G. For a semialgebraic G
map ϕ :M→N and a fixed integer n0, the following are equivalent:
(1) For each closed subgroup H of G, the induced map ϕ∗ :πn(MH )→ πn(NH ) is
bijective for 1 n < n0 and surjective for n= n0.
(2) For each semialgebraic G space X, the induced map ϕ∗ : [X,M]Gsem →[X,N]Gsem is
bijective for dim co(X′/G) < n0 and surjective for dim co(X′/G)= n0.
Proof. (1) ⇒ (2) The above lemma implies that ϕ∗ is surjective. In the case of
dim co(X′/G) < n0, let f,g :X→M be semialgebraicG maps such that [ϕ ◦f ] = [ϕ ◦g]
in [X,N]Gsem. Thus there exists a semialgebraic G homotopy F :X × I → N from ϕ ◦ f
to ϕ ◦ g. Since dim co(X′/G× I ′) n0, there is a semialgebraic G map F˜ :X× I →M
such that ϕ ◦ F˜ is semialgebraically G homotopic to F relative to X× ∂I , i.e., F˜0 = f and
F˜1 = g by Lemma 6.4. Therefore ϕ∗ is injective when dim co(X′)/G< n0.
(2)⇒ (1) If we take X = G/H × (∆n/∂∆n) = G/H × Sn, then dim co(X′)/G = n
and the induced map ϕ∗ : [X,M]Gsem →[X,N]Gsem is bijective for n < n0 and surjective for
n= n0. Note that XH = (G/H × Sn)H = {eH } × Sn = Sn and that ϕ(MH)⊂NH . This
implies that
ϕ∗ :πn
(
MH
)= [Sn,MH ]= [Sn,MH ]
sem
→ [Sn,NH ]
sem
= [Sn,NH ]= πn(NH )
is bijective for n < n0 and surjective for n= n0. ✷
Now we have the equivariant semialgebraic version of the Whitehead theorem.
Theorem 6.6 (Theorem 1.4). Let G be a compact Lie group. Let M and N be
semialgebraic G spaces, and let A and B respectively be their closed semialgebraic G
subspaces. Let ϕ : (M,A)→ (N,B) be a semialgebraic G map. For each H ∈ Isot(M) ∪
Isot(N), assume that MH , AH , NH and BH are nonempty and the induced maps
ϕ∗ :πn
(
MH
)→ πn(NH ) and ϕ∗ :πn(AH )→ πn(BH )
are bijective for 1 nmax(dim co(M ′/G),dim co(N ′/G)). Then ϕ : (M,A)→ (N,B)
is a semialgebraic G homotopy equivalence map.
Proof. Since dim co(A′/G) co(M ′/G) and dim co(B ′/G) co(N ′/G), ϕ∗ : [B,A]Gsem
→ [B,B]Gsem is bijective by Theorem 6.5. This implies that ϕ|A has a semialgebraic G
homotopy left inverse h :B→A, i.e., ϕ ◦h idB . By Theorem 4.5, we get a semialgebraic
G map g :N → N which is semialgebraically G homotopic to idN and g|B = ϕ ◦ h. By
Lemma 6.4, we get a semialgebraic G map f :N → M such that f |B = h and ϕ ◦ f
is semialgebraically G homotopic to g. Thus ϕ ◦ f is a semialgebraically G homotopic
to idN . Therefore f is a semialgebraic G homotopy left inverse of ϕ. Apply the above
argument with ϕ replace by f to get a semialgebraic G homotopy left inverse of f . By an
elementary algebraic argument, f is a semialgebraic G homotopy inverse of ϕ. ✷
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